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1. I~Y:TR~DuCTI~N 
We study the existence of one-parameter families of periodic orbits in 
the neighborhood of the equilibrium in the case where one pure imaginary 
eigenvalue A, of the linear approximation is three times another, A, . In 
this case, neither Liapunov’s theorem nor our previous extension [l] can 
be applied. We prove here that there exist in this special case one or three 
one-parameter families according to the number of real solutions of a certain 
third-degree equation whose real coefficients are functions of the second, 
third and fourth order coefficients of the analytic hamiltonian function, 
under the condition that two other numbers depending on the same coeffi- 
cients do not vanish. When there are three families, their periods tend 
to the same limit 2n/l A, ) when the orbits tend to the equilibrium, Here 
the linear approximation to the solutions is completely different than in the 
nonresonant cases, that is, X,/X, is irrational. In particular, we can expect 
that the picture of the orbits will have different topological features. 
The application of this theorem to the restricted three-body problem 
can be found in [2], where we showed the existence of only one family of 
periodic orbits (the equation has in this case only one real root). The orbits 
very near the equilibrium in the configuration space have tangential index 
three, whereas, in general, they are homeomorphic to a circle, and, therefore, 
their tangential index is one. 
2. REVIEW OF SOME KNOWN RESULTS 
This work is an extension of the theorem that we proved in a preceding 
paper which we will denote by [I]. Let us recall first the problem, the results 
* The author did this work while a NATO I~ellow at the University of California 
at Berkeley. 
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and the notations used. We are concerned with a real conservative hamiltonian 
system for which the origin is an equilibrium point. It is supposed also 
that the hamiltonian function is analytic in a neighborhood of this point. 
It may, therefore, be written: 
H(w) = *wtaw f f H,(w), 
nz=3 
where wt is the transpose of the column w made with the components of 
the point in the phase-space, OZ is a squared real and symmetric matrix 
(2n x 2n) and H,(w) is a homogeneous polynomial of degree m. The equation 
of the motion is 
zil = yaw + f’(W). 
We assume that all the eigenvalues Ai are distinct and different from zero 
in the matrix 9Gl!, that A, is a pure imaginary number, and that A, = 3X, . 
It is clear that the order of the eigenvalues is unimportant. It is known [3] 
that there exists a linear canonical transformation w = %‘z so that the new 
hamiltonian function is 
K(x) = f $%Yi + f K&), 
i=l rn=3 
where the components of the complex vector z are x1 ... X, , y1 ... yn . The 
new equations are 
a$ = xix, + g,‘(z), 
ji = --/\iYi +g6+i(z). 
(1 <i<n) 
We showed in [l] that the matrix R = U-l@ has, for each Ah line, zeros 
everywhere except at the kth place where you find pd. The indices k and e 
being bounded by 
We recall that in the submanifold image of the real phase space in C2n 
under V-1, the points have the property 
Since we are concerned with a one-parameter family of solutions we reduce 
the 2n variables zi to one 5 in following the method of Siegel. The initial 
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variables have to be continuous functions of 5 and [ while the unknown 5 
has to verify the differential equation 
l = 4, 
where 01 has to be a continuous function of 4 and 5. So the system (1) becomes 
a system of partial differential equations 
We will construct a formal solution 
(1 <i<n) (2) 
(3) 
where the coefficients are complex and the exponents p and q belong to 
the set Z of integers 3 or <O; only their sum should belong to the set N 
of positive integers. As we are interested only in solutions where images are 
real curves, we require that the coefficients be chosen such that we have 
xf,~,n = p@k,gD * (4) 
If we substitute the formal series (3) in the equations (2), we obtain the 
coefficients by identification of the terms <pp. In doing this, the second 
members become 
As g’(z) has no linear term, its m-th order in 5, 5 will be a function only 
of the (m - I)-th first orders of the solution. On the other hand, the m-th 
order of the solution will appear at the order m only on the left side of the 
equations and under a linear form. Therefore, we will be able to find the 
unknowns by a recursive method. If we call L, the operators 
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we have in fact to solve at each order the following equations xvith f unknown: 
The only difficulty of the problem comes from the fact that Li and Mj 
are not onto. The functions p+ lp, <‘/pi, 5” ! sp, and [qp~‘s do not belong 
to the range of L, , M1 , L, , i%fz , respectively,. As they can appear at all 
the odd orders, the method will be to use the expansion of 01 to avoid the 
first two functions and to introduce some negative exponents and undeter- 
mined coefficients to avoid the last two. By these considerations, it is clear 
that all the even orders, in particular the second, are solvable. 
If we assume that by induction we obtained a solution with property (4) 
up to the order (m - I) for xi and y, and up to the order (m - 2) for 01, 
and if we denote by A,,,,, the coefficient of <J’P (p -+ y m) in the i-th 
equation, known from the preceding orders of the solution, vvc may calculate 
We proved in [ I] that 
ht,va == Prh,;.ori . (5) 
Moreover, if we substitute the approximate solution in the hamiltonian 
function 
we obtain a formal Laurent series in two variables without independent or 
linear terms 
The hamiltonian equations still are assumed to be verified up to the order 
(m - 1) in <, 5: 
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As the second members have linear terms, one obtains up to the m-th order 
in 5 and c: 
and so the solution up to the (m - I)-th order verifies the following equation 
up to the m-th order 
ZK’ ak” _- 
--a<+-- 
21: a[ 
al = 0. 
Now if we further assume that K’([, [) IS a function only of the product 
(cc) up to the (m - 2)-th order, it is also at the m-th order because at the 
latter order the equation gives 
and as for p i 4 /zZ-~ R+. = 0, kLq = 0. Then up to the order m, one has 
and 
up to the order (m - 2) and then 
(n-2)/2 
him = s:,,, - (P - 4) c %?4,n--r a-r (P + 4 = 4. (6) 
r-1 
3. THE FIRST ORDER 
The first terms of the series (3) are chosen 
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It is easy to check that for every c we have a first approximation to a solution 
for (2). The second members have indeed no term of the first order in 5, { 
because the gi’ have no term of the first order in xi , yi . Moreover, this 
solution contains the property (4). The coefficient c has to be considered 
as a complex parameter which will be fixed later. The second order may be 
easily computed. 
4. THE THIRD ORDER 
Four coefficients seem to be difficult to find; they are the coefficients 
of 5” for xs , of p for ys , of c2c for xi , and of 1;p for yi . They are indeed 
multiplied by zero factors on the left side of the Eqs. (2). So one finds 
0 x2,3rJP + 42% - “2)i3 = h2,3d3, 
-- 
OY2,0313 + Pn+z c C&2 - c+? = hn+2,0353, 
0 x,,,,L?% + cd = h,,,,t2<, 
--- 
OYlJ2tP + P nt1”z (5” = h,,1,125r2. 
(71) 
(72) 
(73) 
(74) 
The relation (5) shows that (72) and (7& are equivalent to (7,) and (7a), 
respectively. The equation (73) gives 
and (7,) can be solved iff 
h 2,30 - cW,,,, - h;) = 0. (8) 
We will determine the parameter c to solve this equation; then ~a,~a nd 
xi,21 will be undetermined. We will render void the second, and keep the 
first as new parameter, which we will denote a. The two other unknowns 
will be fixed by the relation (4) 
y1,*2 = 0. 
-- - 
Y2.03 = Pn+z a. 
For every solution c of the Eq. (8), there is a corresponding solution up 
to the third order for xi and yi and up to the second for CY. Let us look at 
the beginning of the expansion of K/(1;, [) 
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So by our preceding considerations, K’ is a function of (cc) up to the fourth 
order and (~a = -~?a. Then the Eq. (8) becomes 
h z-30 - 3c h,,,, = 0, (9) 
and every solution of (8) has to be a solution of (9). On the other hand, 
every solution of (9) for which h,,,, is a purely imaginary number is a solution 
of the problem. So it remains to find these solutions; but we have to be 
careful because the unknown c appears in h2,30 and h,,,, . 
Let us first consider the monomials which can appear in the second 
members of the equations. They can be calculated easily from the preceding 
formulas. We have for 
3. 
Xl * $7 %w% : c Pn+l c3, xz2y2 : c2 c pn+2 (3, 
Xl”Yl : Pn+l K XlX2YZ : cc Pn+2 t2c> XZY12 : c Pni12 c25, 
Yl 
2 -?- -G 
: Q, c Pn+1 n+l,qzJ3 + $- ~n+l (Gn+l,cz,2 + c PZ G+,,z2,J 6% 
1 
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Those monomials are introduced in the second members of the equations 
and one finds the two interesting terms h2,a0 and lr,,,, . It is noteworthy that 
equations come from the hamiltonian function K(z), which we write 
The coefficients of the expansion are not independent because they procede 
from the real hamiltonian function H(W). As is shown in [3, p, 188], one has 
K(Rz) = X(z), (10) 
where K:(z) is the function whose expansion contains the complex conjugate 
coefficients of K(z). On the other hand, it is useful to remember that 
p& =~~ 1) 
P1Pn+1 = -1 * Pn+1 == -Pntl ; Pl = -P1, 
P2Pni2 = --1 * Pn+2 = -iGG ; P2 = -I%. 
These relations are proved in Siegel’s book on p. 77 and 8 1. For instance, 
one finds 
Some easy algebraic computations give the important results 
where L, M, N are real and arc given by the formulas 
(11) 
(12) 
Equation (9) becomes 
-- - 
pn+z (215 - 3M)c” i; - 9 p1 pnA2 Q CO’ + pn+l (M - 6N)c + Q = 0. (13) 
- -- 
As x, pnil , pn, z are purely imaginary numbers, we can write 
pm+l (AS - 6N) = alein~2, (al , a3 E R). 
-- 
As we look for solutions of (9) for which h,,,, =- --h,,,, , it is necessary 
by (12) to have PC = -Qc. So if we write Q = a,/~, (a0 2 0), there are 
two possibilities 
or 
RESONANT HAMILTONIAN EQUILIBRIUM 441 
--- 
If we write aze-+ (aZ E R) for 9 p1 pn+aQ, we obtain the two equations 
-U3Y13 + liar12 - U,Y, + a, = 0, 
+a3y23 + u2y22 + a1r2 + a, = 0. 
It is clear that if r2 = Y is a root of the second equation, rl := -Y is a root 
of the first. But the solution represents the modulus of c; so it has to be 
a real positive number. Then it is sufficient to take the absolute value of 
the real solutions of the following equation with real coefficients 
a3y3 + a2y2 + ulr + a, = 0, (14) 
and, according to the sign, choose the corresponding angle. This equation 
is a function only of the coefficients of the first four orders of the hamiltonian 
function and contains one or three real roots. So one or three values of 
the parameter c will solve the Eq. (8) and there will be one or three solutions 
up to the third order. Each of them will possess a new parameter a which 
will be used to solve the fifth order. 
5. THE INDUCTION 
When one looks at the m-th order, one obtains, by identification of the 
coefficients of <rlp for i # 1, 2, 
[(P - 4h - ub, = Lw > 
KP - 4Pl + ~ilYi,tw = h+i*m . (P,s~Z,pt~=m) (15) 
Since Xi is not a multiple of A, , the solution is 
(16) 
If the solution has the property (4) up to the order (m - I), these coefficients 
will have the property by (5). 
In the odd orders, some difficulties can appear for the indices i = 1, 2 
because of the presence of zero denominators. In fact, we find 
0 ~1, (m+1)/2 (m-l)/2 + an,-1 = h, (m+l)/z (m-1)/2 7 
OYl, (m-1)/2 (m+1)/2 + Pn+1%-1 = b+1. (m-1)/2 (m+1)/2 t 
0 x2, (711+3)/z (m-3)@ + +&r-l - %-1) = 4. (m+3)/2 (m-3)/2 , 
OY2, (m-3) '2 bn+3);2 + Pn+2 4%-l - "m-1) = hn+2, cm-3)!2 (m+3)/2 * 
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The set of indices ((2, (m 3),2, (~1 3)/2); (w 2, (II/ 3)‘3, (I/I 3)‘2)j 
is called a critical set. All the other equations arc similar to (I 5) and can 
be solved by (I 6). By the property (5), the second and the fourth arc 
equivalent to the first and the third. IVe will ha\c 
aI,, 1 h 1. or,, 1) 2 (!t,- I) 2 
and it will be possible to solve the third iff 
If this is the case, we will choose x2, orlia) Y (rl,+a) ,2 as an arbitrary parameter so 
that we can denote n and take 
to have the property (4). 
Let us suppose that by induction we obtained a solution for the variables 
up to the m-th order (m an odd integer 23) and up to the (m - I)-th order 
for ac. iYe may assume, moreover, that this solution has the property (4) 
and that the m-th order contains an arbitrary parameter 
All these assumptions are fulfilled at the third order. The idea is to determine 
this arbitrary parameter in such a way that the Eq. (17) be verified at the 
order (m -C 2): 
--- ------- 
h 2, (n/+5):2 (rn~lU2 - 4%. ctn ts):z (w/+1)/z - h 1. (,,1+3) '2 (n,il) :! ) := 0. (18) 
So we are particularly interested in seeing the role played by a and 5 in the 
coefficients of the terms in <(?1!+5)/2~(~11-1)/2 and 5'" l3)/2[(n~+1)/2. 
The only monomials depending on a and a^ at the order (m $- I), and 
which can generate interesting terms at the order (m + 2), are the following 
ones: 
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The starred eIements represent terms independent of a and 5. After we 
introduce these monomials in the second members of the equations, we can 
compute the (m + l)-th order of the solution and its dependence on a and 5. 
The formula (16) gives 
These expressions may be compared with their corresponding ones at the 
second order; many terms are similar, and some do not appear here. Then 
in a similar way that we used for the third order, we have to compute the 
(m + 2)-th order of xIyrxB , sq2yg ..’ to obtain &, I,nt51,2 (ln-1I,2 and 
cd. (nz~3),'2 (m~tl~/? . To solve the Eq. (18), we have, bv (6) 
(v-1) iz 
h2, h+5)/2 h-l)/2 = g.;, (rnlF,)B (w-1):2 - 3 c "zr"2, (m+5) ~2-r(lll-l)12-~' 
r-2 
- 3cx,a, 
h, (rn-Gd/d (7n+1)/2 = g;, (m+3):2 (rn+1)/2 7 
because the Y . r, 
gives 
(m,.ajj2--r c,,~~~) l2-r are chosen to be zero. Finally, the Eq. (18) 
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where R, 5’ are rather complicated expressions that are only functions of 
the coefficients of four first orders of the hamiltonian function. RIoreover, 
they are independent of m. For most of the hamiltonian functions, this 
equation can be solved giving only one value to the m-th order parameter 
a which made the (m + 2)-th order soluble. The (m + 2)-th order of the 
solution will contain a new parameter. We are again in the same situation 
as at the order m, and the induction is closed. 
In summary, we build, in this way, formal solutions of the problem in 
the number of one or three, according to the number of real solutions to 
the Eq. (14). 
6. UNIFORM CONVERGENCE OF THE EXPANSIONS 
a. Bounds of the Coefficients 
We have, for the series 01, 
As we proved in [1], there exists a number pi such that for noncritical 
indices i, pq 
As for the critical indices, the formula (19) shows that there exists p2 such 
that 
t z2, (m+3)/2 (m-3)/2 / b p2 tg;:(wLt5)/2 (m-l)!2 I + 3w2 I &*ht3)i2 h+l):e ; 
(wL-1):2 
+ 3P2 c I %r I I 22, h+5):2--rh-l)/2--r !J 
T=2 
I %+z, (m-3)/2 h+3)!2 I < p2 1 c&+3, (m+5)/2 (m-l)!2 1 + 3ctL2 / dZ:l, (m+3)/2 (m+1)!21 
(m-1)/2 
+ 3/J., c I a2r I I %+2. (m+5)/2--r(m-1)/2-r . 
r=2 
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b. Majorant Series 
As in [l], we introduce, for each solution, Taylor series with positive 
coefficients 
((i, $9) does not belong to the critical set) 
K(i) = & z (I% (m+3)/2 h-3)/2 I + /x,+2, (m 3)/z (m+3)/2 IP, 
1 m-3 
where a, is the sum 1 + 1 ~n+~ j + (1 + 1 pn+Z 1) 1 c / of the moduli of the 
first-order coefficients. All these series begin with second-order terms. By 
the construction, we can also define polynomials of order (VZ + 2) Z,“+,(l), 
of order (m + 1) A;+,(<), and of order (m - 3) Kz-,(<) obtained with the 
starred coefficients by annulling the coefficients of the critical exponents at 
the odd order m > 3. The first two have the same coefficients as Z(4) and 
A({) up to the order (m - l), while the third is identical to K(l) up to the 
order (m - 2). As we proved in [l], there exists a constant p such that 
where the sign < is the one related to the theory of majorant 
as in [I], we have 
series. So, 
where R and M are, respectively, the radius of convergence and the modulus 
inside the domain of convergence of the functions gi(z). We can introduce, 
as in [I], the two functions 
F(5) = 45) + -&Z(5), 
1 
G(5) = 5 + F(5) + 5F(5) + K(5) + B-63 
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and prove the functional inequalit!- 
We can also introduce the (VZ f I )-th order polvnomial Gi, ! ,([) obtained 
with the starred coefficients. 11’~ also have 
Finally, we introduce the majorant series of G(l): 
and 
G;G1(5) =: ; - ; [l - d2(5 + K:-3(1))]“’ 
solution of the functional equation 
such that we also have G?:+,(?J < G$,(c). 
Now we can find an upper bound for the critical coefficients: 
where Onc+d 1means that we take the (m + 2)-th order of the expression. 
And for d big enough, one can prove, as in [I], that 
By using the same argument as in [I], WC can prove that the series -4(l), 
Z,([), and K(t) converge absolutely in a certain disk around the origin, 
and that ~$5, c) and z,(<, [) are uniformly convergent in a domain containing 
the origin. 
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Finally, as [< and then a({[) are constant of motion, in choosing the 
initial time well, the solution of the differential equation is 
Therefore, for each solution the initial variables are real Taylor series in E, 
absolutely convergent around the origin, and their coefficients are periodic 
functions of the time. 
The periods of the families tend to 2~11 A, ) as E tends to zero. In this 
case, however, the first approximation is very different from that in non- 
resonant cases, or in resonant cases for k 3 4. 
Kerr2auk. We have just received a manuscript note of Dr. J. Henrard 
of Boeing proving the same theorem. By the use of Lie transforms, he 
normalizes the hamiltonian function up to a certain order and then applies 
Poincare’s continuation method to prove the theorem for the fuil hamiltonian. 
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